RELATED RATES OF CHANGE WHERE MORE THAN 2 RATES OF CHANGE ARE
INVOLVED

. d dy _ dr _ dt
We can use the Chain Rule { DDy } to relate three rates of change.
dx dr dt dx

Example: A cylindrical water tank with a diameter of 5m is being filled with water at a
rate of 0.18 m>/h. After t hours the curved surface area of the water in the tank was
A m?, the height of water in the tank was h metres and the volume was V m°. Find the
rate at which A is increasing when the height is 2.5m.

e Find: a4
dt
: dA  dA : . :
e Use Chain Rule: - X and then we will need to expand this Chain Rule.

e We have been given C;—: =0.18 m>/h, so the Chain Rule now looks

. dA _dA _ av
like: — = — X —.
dt  av ' dt

e Tofind Z—I'j, if we do not have an expression for Vin terms of A or A in terms of V
to be able to differentiate, then we can find 3—3 by applying the Chain Rule again:

dA _ dA

av av’

e Both A andV can be expressed in terms of h, so the missing variable in our Chain

) dA dA _ dh
Ruleisdh: — = — X —.
dv ~ dh = av

) ) ) dA dA _ dv dA dA dh
e We will now combine the two chainrules: — = —X —and— = — X —
at  dv = dt av - dh’~ dv

dA dA  dh _ dv

: dA :
e The expression for — can now be written as: — = — X :
dt dt dh’ dv ' adt

. dA . av dh
e Since A=2nrh, then — = 27rr. Since V= nr?h, — = nir? and — = —.
dh dh av Tr?2
dA dA _ dh _ dv 1
o —=—X—X—=2n1rx—x0.18.
dt dh dv  dt r?
1

(2.5)2

e Since the radius is 2.5, then Z—': = 2m(2.5) x x 0.18 = 0.144 m*/h.
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Exercise 3.1C M11 1 ¥Z 4 2x— A5 "0

6 a "impai =1 b L ==
1 f’[x}ZEix“i]-_ X —oa r—3 -}.2 _9 3
2
I 7
y A
I o
T N £
3 2 11T > 3 4 ? /
i ; : \'{}/: 8
....... | _i ,:, —2 ; ra di- x
g e v\?.\- . ; H :
O 8 a b
Nl t D) t [pw
L 0.3 11271 0.5 |11.11
A . 0.5 [16.67 1 —5.55
P 1 [16.67 5 0942
5 2 |11.11
5 4.90
4]
¢ From part a: the body absorbs the drug, the amount in the blood
v increases to a peak then slowly decreases until very little left after
o 5 hours (4.90 ppm).
3 a Functionis not defined at x =4 From part b: the rate of uptake of the drug is very high at first, then it
b Function is not differentiable at x =7, 4, 3 becomes negative as the body uses the drug.
¢ Function is not continuous at x = 7, 4,3 9  For minimum surface area, the dimensions need to be:
! height =9.65 cm
-2fpxy _ Xy px—2 2
4 a y =21 2f3_:)€ Xe'™) width =19.3 cm
16 : length =19.3 cm
b y'=5x Zein(31) x 6 cos(3x) 10  The radius of the balloon is increasing at the rate of 2 cm/s (0.637 cm/s)
s

when r=5.



